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The effect of turbulent mixing in the reaction zone of a tubular low-density poly-
ethylene reactor was studied by combining a Lagrangian composition probability density
function (LCPDF) code with a computational fluid-dynamics code. Because the
LCPDF code can treat the chemical reaction terms in a turbulent flow without resorting
to moment closures, it is used to describe the temperature and scalar fields of reactants
including initiator and monomer molar concentrations, and the moments of the molec-
ular weight distribution. The chemical reaction terms are efficiently dealt with using a
three-parameter chemical lookup table that contains the temperature and composition
changes as functions of initiator and monomer concentrations and temperature over a
small time step. The reaction-rate constants from the study of Lee and Marano (1979)
are functions of temperature and pressure. The flow fields are obtained using the k — €
turbulence model. Because the temporal and spatial evolution of all fields in the reactor
can be simulated, it is possible to study the effect of the initiator injection location, flow
rate and temperature of the monomer and initiator feed streams on polymerization in
considerable detail. Moreover, by observing the probability distribution of the composi-
tion fields, a better understanding of hot-spot formation is achieved, leading to im-
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proved reactor designs.

Introduction

Low-density polyethylene (LDPE) polymerization in
plant-scale reactors has long been an important research topic
in industry due to commercial competition and the difficul-
ties in reactor design and operation. Such polymerization re-
actors are often highly unstable and sensitive to temperature
and mixing conditions (van der Molen and van Heerden,
1972). Over the past two decades, there have been some ma-
jor modeling achievements including the determination of
detailed reaction kinetics and the development of a host of
phenomenological models for turbulent mixing effects on
LDPE reactions (Villermaux and Blavier, 1984; Marini and
Georgakis, 1984; Kiparissides et al., 1993; Tosun, 1992). Al-
though using highly simplified descriptions of turbulent mix-
ing, these phenomenological models are able to predict tur-
bulent mixing effects in a qualitative manner through ad hoc
assumptions of the mixing parameters. Most of these models
apply multiple-stage or multiple-zone (e.g., Chan et al., 1993;
Shirodkar and Tsien, 1986) methods to account for imperfect
macromixing effects on polymerization processes by introduc-
ing mixing time scales at each stage or zone. Unfortunately,
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the mixing time scales in these models can only be deter-
mined by experimental or plant data and thus the models are
unable to give any direct information on the implications of
varying operating parameters, such as flow rate, feed temper-
ature, and initiator injection location. For this reason, it is
unlikely that such modeling approaches will produce any sig-
nificant improvement for general reactor configurations.
Some authors have concluded that axial mixing is negligible
(e.g., Yoon and Rhee, 1985; Donati et al., 1982) for LDPE
tubular reactors based on their large L/D ratio. However,
since scalar mixing and chemical reactions are highly cou-
pled, these conclusions may depend on whether scalar mixing
is much slower than chemical reactions or how the initiator is
introduced into the reactor. Furthermore, the effects of ra-
dial mixing on LDPE polymerization are seldom discussed
due to the difficulties in closing the chemical reaction terms
using traditional computational fluid dynamics (CFD) models
for 2- or 3-D turbulent reacting flows (Fox, 1996). This work
addresses these considerations from first principles by adopt-
ing a combined CFD and probability density function (PDF)
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approach (Pope, 1985; Tsai and Fox, 1994; Pipino and Fox,
1994; Fox, 1996).

Recent developments in CFD have shown promise for sim-
ulating complex nonreactive flow systems, such as stirred tanks
(Perng and Murthy, 1993; Bakker and Fasano, 1993), static
mixers (Bakker et al., 1994), and two-phase flows (Lapin and
Lubbert, 1994). These simulations are able to give reasonable
approximations using moment methods to model the turbu-
lent flow field. The well-known k — € model (Launder and
Spalding, 1974) and its renormalization-group (RNG) modifi-
cation (Yakhot and Orzag, 1986) have been successfully ap-
plied in the fully turbulent regime. Their inability to cope
with the near-wall zone and transitional flows is well under-
stood and can be improved by incorporating wall functions or
by using other more general models [e.g., Reynolds stress
model (Rubinstein and Barton, 1990)]. However, moment
methods encounter significant obstacles when applied to the
scalar fields in turbulent reacting flows. Unlike the velocity
field, the probability distribution of a scalar field is usuaily
quite different from Gaussian (O’Brien, 1980). When chemi-
cal reactions are involved, modeling the higher-order mo-
ments of scalar fields can be extremely difficult. The arbi-
trariness of such modeling is illustrated in several papers (e.g.,
Heeb and Brodkey, 1990; Leonard et al., 1995). The pre-
sumed PDF method (Bilger, 1980; Jones and Whitelaw, 1982;
Girimaji, 1991; Fox, 1996) presents a major step towards
overcoming the moment closure problem. This method as-
sumes a known probability density for the mixture fraction
that depends only on its mean and variance, and uses chemi-
cal-equilibrium relationships between the mixture fraction
and chemical reactants to derive the joint composition PDF
for reactive scalars (Fox, 1996). Thus, the mean reaction rates
for reactive scalars can be evaluated through an integral over
the mixture fraction PDF. Although the chemical-reaction
terms are closed in this formulation, the chemical-equi-
librium assumption can produce significant errors for slow
reactions. Moreover, the mixture fraction approach is re-
stricted to nonpremixed initial conditions. Since LDPE poly-
merization includes a large number of reactions and a wide
range of chemical-reaction rates, closing the mean reaction-
rate terms using moment methods can result in large model-
ing errors. Furthermore, the temperature dependence of the
reaction rates and their nonequilibrium nature also make the
presumed PDF method inappropriate. In contrast, full PDF
methods not only are capable of dealing with chemical-reac-
tion terms without closures, they also can be applied to arbi-
trary initial conditions (O’Brien, 1980; Pope, 1985; Tsai and
Fox, 1994). When combined with a CFD code for computing
the turbulence field, this technique can be very efficient for
simulating 2- and 3-dimensional turbulent reacting flows with
acceptable computational costs. Turbulent reacting flow
models are discussed in greater detail in the next section.

The joint composition PDF equations are formulated di-
rectly from the scalar transport equations without any closure
assumptions. With the turbulence field found from a CFD
code, transport of the full PDF in real space can be obtained
from the joint composition PDF equation. Scalar means, vari-
ances, and mean reaction rates can then be evaluated from
the joint composition PDF. However, the number of random
variables in PDF methods increases linearly with the number
of reacting scalars. A direct evaluation of the joint PDF (Jiang
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and O’Brien, 1991; Tsai and O’Brien, 1993) is thus intractable
for inhomogeneous flows. Fortunately, several computation-
ally efficient Monte-Carlo techniques have been developed
by Pope (1981, 1985, 1994). Instead of evaluating the PDF
directly, a set of Lagrangian notional particles is used to ap-
proximate PDF transport. With such techniques, the compu-
tational intensity increases only linearly with the number of
reacting scalars, in contrast to an exponential increase when
solving for the PDF directly. A Lagrangian composition PDF
(LLCPDF) code (Tsai and Fox, 1994), which is a modified
version of Pope’s Lagrangian velocity-composition PDF
(PDF2DS) code (Pope, 1985), is adopted for this study. Al-
though the LCPDF approach is ideally suited for dealing with
reaction terms, the turbulent advection and diffusion terms
still require modeling. The first term is associated with the
large turbulence scales and is usually closed by the gradient-
diffusion assumption. The second term, on the other hand, is
associated with small scales and thus more difficult to model.
In this work, the linear-mean-square-estimation (LMSE)
(Dopazo, 1975) model is applied to solve the molecular diffu-
sion terms. Further details on the numerical implementation
are discussed in the next section.

Even with Monte-Carlo techniques, the computational ex-
pense for evaluating the chemical-reaction terms in a PDF
simulation (or any other reacting flow simulation) still re-
mains high. In order to further reduce the expense to a rea-
sonable level, two strategies are used: simplified kinetics and
chemical lookup tables. Although there is a substantial
amount of literature available on the kinetics of LDPE poly-
merization (Lee and Marano, 1979; Goto et al., 1981; Zabisky
et al., 1992), their ranges of validity are restricted to the ex-
perimental conditions for which they were derived. It is not
the authors’ intention to verify the correctness of the differ-
ent kinetic schemes; instead, schemes have been chosen based
on their consistency with tubular reactor data and com-
putability. Two sets of temperature-dependent kinetics rate
constants, one suggested by Goto et al. (1981) and the other
by Lee and Marano (1979), are extensively examined with and
without the quasi-steady-state assumption (QSSA) for a wide
range of temperatures typical of industrial tubular LDPE re-
actors. A modified version of classical free-radical polymer-
ization kinetics is adopted to reduce the total number of re-
acting scalars. The final kinetic scheme includes initiation,
propagation, and termination by disproportion and chain
transfer to monomer. Although it is well known that other
mechanisms, such as B-scission and backbiting (i.e., transfer
to polymer reactions), also contribute significantly to the
weight- and number-distribution of polymer, those mecha-
nisms have little or no net effect on the total monomer con-
version and thus have not been included. (For a detailed
LDPE kinetic model, see Kiparissides et al., 1993.) The poly-
dispersity is found by the method of moments of the molecu-
lar-weight distribution (MWD) using QSSA for free-radicals
and the long-chain hypothesis. However, even if the pre-
dicted values of the polydispersity may not be accurate due
to the neglect of some mechanisms, they still serve as an indi-
cator of final product quality under different operation con-
ditions (Tosun, 1992). The kinetic scheme employed in this
article involves six reactive scalars: initiator, monomer, the
total dead polymer, the first and second moments of dead
polymer, and temperature, and is discussed in detail in the
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third section. A bifurcation and stability analysis of a similar
kinetic scheme in a CSTR can be found in Marini and Geor-
gakis (1984).

Since the large number of notional particles used in the
Monte-Carlo simulation makes the direct numerical integra-
tion of the chemical-reaction terms computationally expen-
sive, a chemical lookup table is used to store all possible
changes of the composition variables over the (small) time
step (e.g., Maas and Pope, 1992). This approach is possible
whenever, as in the present study, the composition variables
have bounded values. The composition values in each no-
tional particle after the chemical-reaction step are found by
interpolating from the chemical lookup table. This technique
has been widely used in combustion studies, especially in the
areas of PDF and flamlet research (e.g., Chen et al., 1989), In
this work, the accuracy of this method is validated in the third
section by comparison with results from the direct numerical
integration of the chemical kinetic equations.

For industrial tubular LDPE reactors, it is well known that
monomer conversion and polydispersity are strongly affected
by mixing conditions and ethylene inlet temperature (Tosun,
1992; Kiparissides et al., 1993). A tubular LDPE reactor is
usually controlled by adjusting the initiator feed stream to
vary the reaction rate in order to avoid runaway polymeriza-
tion that can cause ethylene decomposition. Therefore, in this
study, the micromixing rate, inlet temperature, initiator feed
rate, and initiator injection mode are chosen as the simula-
tion parameters. In general, the results are found to be con-
sistent with earlier studies using phenomenological mixing
models and the plug-flow assumption (Goto, 1981; Kiparis-
sides et al., 1993). The PDF simulations also give a clear pic-
ture of radial and axial mixing effects on LDPE polymeriza-
tion in a tubular reactor that cannot be predicted by other
models. For example, it is shown that radial inhomogeneity
near the initiator injection point can lead to local hot spots
and low initiator efficiency. The principal results from the
simulation study are presented in the fifth section.

Turbulent Reacting Flow Models

The governing equations for the transport of reactive
scalars in fluid flows with constant density can be written for
the simplified LDPE kinetic scheme as (repeated indices im-
ply summation)

ou; ou; 1 9p 1 97
A B S SR )
at 7 ox; p dx; p Ix;
Oy gy
— 2
_a_t—+uj3x7_D¢kV ¢k+S¢k(¢)’

¢k= d’]’ ¢M’ d’R’ ’\0’)‘1’ /\2 and T (2)

Viu=0, 3)
where the viscous stress tensor is defined as
du; Jdu 5 @
T, = _ s
y= ax;  dx;

u; is the fluid velocity, p the pressure, p the fluid density, ¢,
the scalars carried by the fluid (i.e., molar concentrations,
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MWD moments, and temperature), Dy, the diffusivity of ¢,
¢ the vector of ¢, and S, (¢) the homogeneous chemical
production term discussed in the following section. In a CFD
code, Egs. 1-3 are rarely solved directly. Instead Reynolds
averaging is invoked to decompose the fields into their mean
and fluctuating components: u; = {u,;> + u; and ¢, = (¢, ) +
&

In this work, the Reynolds-averaged, steady-state momen-
tum equation is closed using the & — ¢ model. The details of
this model can be found in Launder and Spalding (1974) and
are not repeated here. The final model equations for mean
velocities {u;», turbulent kinetic energy (k), and dissipation
rate (e) read:
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L, 2 6‘(ul> (9<u,‘>
(uiuj)=§k6ij—v,( 7, + x|’ “
au;y  Huy oy
G, =v, L+ ! (10)
ax; ax; ax;
and the turbulent viscosity is defined by
kZ
v,=C,—. an
€

The choice of the model constants is addressed in the fifth
section. The k — e model equations are solved along with the
log-law wall functions in order to resolve the strong
anisotropic flow conditions in the boundary layer (Launder
and Spalding, 1974).

The Reynolds-averaged mean scalar fields obey

> CIC a ,
Y +<uj> oz, ——:;;i<ui¢k>
% )
+D¢"W+<S¢"(¢)>. (12)
Yol. 42, No. 10 AIChE Journal



In this expression, the turbulent flux term {u’ ¢, ) is closed by
invoking the gradient-diffusion assumption:

)
(W) =~T¢ &xk .

i

13

Here local isotropy is implied by the use of the scalar coeffi-
cient I';. In a more general model, I'; can be treated as a
tensor (Rogers et al., 1989). In most CFD codes, I'; is mod-
eled by C,(k%/€)/a,, which resembles the model for turbu-
lent viscosity (Eq. 11) where o, is the turbulent Schmidt
number and has a value near 0.7 (Launder and Spalding,
1974).

In order to solve Eq. 12, the unclosed chemical reaction
term must be expressed in terms of the mean scalar variables.
This presents a very challenging problem. For example, in
order fo obtain the evolution equation for the initiator mean
concentration {¢,) the following term must be closed:

(8,(8)) = (k(T)ey). (14)

Since k, is a function of temperature, which is also a turbu-
lent quantity, in order to solve for (&), (S, (¢)) must be
expressed in terms of k(7)) and (¢;). Unfortunately,
(e ATy # kKT, (15)
nor is there any other simple relation that is valid in general.
For example, the predictions of even the most sophisticated
moment closure {(Heeb and Brodkey, 1990) for the relatively
simple two-step consecutive (or competitive) reaction are un-
satisfactory. Thus, given the complexity of the LDPE poly-
merization, moment closure approaches are likely to be inad-
cquate.
Another difficulty in handling Eq. 2 is the choice of mi-
cromixing time scale. For example, the decay rate of an inert
scalar variance can be written as (Fox, 1995),

3¢ ¢ o,
) T = )
e o i
_2<uj¢'>32-xj—>— <D¢3:V: 'a> (16)

The turbulent flux term (u}d)’z) is again closed by invoking
the gradient-diffusion assumption. The last term on the right-
hand side is the scalar dissipation term. The usual assump-
tion invokes the eddy breakup model:

ad’' I’ C
2<D¢ai ;i>=—f<¢'2>, an
Xj 0% T4
where C, is a model constant and 7, is often referred to as
the micromixing time. The micromixing time must be related
to the turbulent time scales. The most commonly used turbu-
lent time scales are k/e, (v/€)/?, and d/ vk . The first is used
when scalar mixing is dominated by large-scale motions (e.g.,
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jet stirred mixer with jet diameter close to the mixer diame-
ter), the second is used when scalar mixing is generated by
small-scale motions (e.g., a large mixer with one reactant in-
jected through small feed tubes), and the last is commonly
used for fully developed pipe flows. A complete model should
also include nonequilibrium effects (e.g., Pipino and Fox,
1994; Fox, 1995; Tsai and Fox, 1996).

The micromixing time scale is usually included in LDPE
mixing models by introducing a mixing time constant, which
is adjusted according to different operation conditions. Un-
fortunately, such approaches are far from reality and provide
little insight into the interactions between turbulence and the
polymerization reaction. Once the operating conditions are
changed, the mixing time constant can change completely.
The plug-flow model (e.g., Ki})arissides et al., 1993) neglects
micromixing by assuming {¢'“) =0, as well as “mesomixing”
by assuming that the turbulent Peclet number ({u)Le/k?) is
infinite, and only considers the overall time constant L/(u).
In the infinite Peclet number limit, the turbulent flux and
molecular diffusion terms are negligible, and Eq. 12 becomes

)
ot

>
ox

J

) = 5, (o). (18)

The plug-flow model then follows by assuming that <u;) is
constant and nonzero only in the direction of the flow. The
plug-flow assumption may be invalid when predicting the ini-
tiator efficiency since the reaction time scales are much
smaller than the mixing time scales at high temperature (i.e.,
{¢$?) #0). Indeed, because the initiator is usually injected
through a high-thrust nozzle, the reaction can be highly local-
ized and very sensitive to temperature. In this case, radial
mixing cannot be neglected as shown in the fifth section.

Similar problems also plague the presumed PDF method.
This method solves Egs. 12 and 16 for the mean and variance
of the mixture fraction ({S ¢k(¢)> =() and then assumes, for
example, that it has a beta PDF. The relationships between
reactive scalars and the mixture fraction are derived by as-
suming instantaneous chemical equilibrium (mixed is burnt)
(Fox, 1996). Although this model is able to account for the
micromixing effects, the instantaneous chemical equilibrium
assumption will produce significant errors when a chemical
reaction is irreversible or has a finite reaction rate. This has
particularly significant consequences for the LDPE reactor.
Since the initiator is injected at relatively low temperatures,
initiator and ethylene will be well mixed before chemical re-
action starts. With the presumed PDF model, this will result
in an overprediction of initiator efficiency, giving results simi-
lar to the plug-flow model that ignores mixing effects.

The only technique that can avoid all of these shortcom-
ings is the full PDF method (O’Brien, 1980; Pope, 1985; Tsai
and Fox, 1994). Unlike the presumed PDF method, the full
PDF method directly solves the PDF transport equation for
reactive scalars, and thus, the instantaneous chemical equilib-
rium assumption is not required. In this study, PDF simula-
tions are performed using a Monte-Carlo algorithm that rep-
resents the joint PDF by an ensemble of Lagrangian notional
particles moving in the computational domain (Tsai and Fox,
1994). Each of the particles obeys a set of stochastic differen-
tial equations (SDEs) that mimic the PDF transport in physi-
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cal and phase space. Before the SDEs are fomulated, the
PDF balance equation is derived from the Navier-Stokes
equation and the conservation equations for passive scalars.
Detailed descriptions of PDF methods can be found in
O’Brien (1980) and Pope (1985). Here, only the final formula-
tion employed in this study is outlined.

The evolution equation for the joint composition PDF,
fs(i; x,1), can be written as

fs fs

4 d
s pSu; >—xj+7w— {pS¢k(cﬂ)f¢I=—pa—x]~_<u}ﬂ‘>

p) F] O
T (pD¢k — )l:/z £, ], (19)

where i is the composition phase variable, & the fine-grained
density function defined as 5(¢ ~ ) (O’Brien, 1980), and the
term of the form (..|.) on the righthand side is the condi-
tional expectation of molecular diffusion (Pope, 1985), which
is an unknown function of . A remarkable feature of the
PDF approach can be seen by observing that all of the terms
on the lefthand side of Eq. 19 are closed. These terms in-
clude transport in physical space by the mean velocity, and
transport in composition space by chemical reactions. This
feature gives a great advantage to the PDF method over tra-
ditional CFD approaches. Nevertheless, the two conditional
expectation terms on the righthand side of Eq. 19, represent-
ing transport in velocity space by turbulent fluctuations and
molecular mixing still require modeling. The first is modeled
as in Eq. 13:

fs

J

WF)y=-Tr—= (20)

The second is closed by the well-known LMSE model
(Dopazo, 1975). Assuming equal diffusivity, the LMSE model
can be expressed by

J oy
o2

where C, is an empirical constant and 7, the micromixing
time scale, both of which depend on the choice of mixing rate
model.

Since the dimensions of Eq. 19 increase linearly with the
number of reactive scalars, the direct computation of f(¢) is
intractable. Instead, a set of Lagrangian SDEs is formulated.
The relationship between the SDEs and Eq. 19 is derived
using the Fokker—Plank equation (Gardiner, 1985). The de-
tails can be found elsewhere (Pope, 1985) and are not re-
peated here. The resultant SDE for the position of a La-
grangian particle reads

(¢), 2D

where the subscript x(z) denotes the spatial location where
the coefficient is evaluated. In the Monte-Carlo simulation,
dW(t) is approximated by £(At)Y? where £ is a standardized

2930 October 1996

joint normal random vector. Likewise, the scalar values in a
particle obey

dt,l/,-

gy (23)

=) st S, (¥).

Note that in general 7, will also be a function of the particle
location x(z), thereby coupling Eq. 23 to Eq. 22. Similarly,
the SDEs are coupled to the velocity field (Egs. 5-8) through
the coefficients {(e.g., u) and I'r). The reaction rate, Sy (¢)
is a function only of the local composition vector ¢, and ‘thus
can be stored in a chemical lookup table described in the
next section. More details concerning the numerical imple-
mentation of the Monte-Carlo simulations can be found in
Tsai and Fox (1994, 1995).

LDPE Poiymerization Kinetics

The kinetic model employed in this work is a modified form
of free-radical addition polymerization with chain transfer to
monomer, and with disproportion as the only chain termina-
tion mechanism (i.e., transfer to polymer has been neglected).
The adopted kinetic scheme is as follows:

Initiation
1524 4)
kX
I-X (25)
k;
A+M->R, (26)
Propagation
kP
M+R, >R, @n
Termination
kzd
R,+R,,»P,+P,. (28)
Chain transfer to monomer
ktrm
R, +M—> P, +R,. (29)

In Eq. 24 initiator (I) breaks down to produce the initiator
radical A. The inert product X, which was suggested by Goto
et al. (1981), results from initiator deactivation. The initiator
radical reacts with the monomer (M) in Eq. 26 with a
monomer activation rate constant k; to produce growing
polymer of unit length (R;). Chain propagation occurs by the
addition of monomer to growing polymer of length » (R,) in
Eq. 27 with a polymerization rate constant k,. Dead polymer
chains (P,) are created in Eq. 28 with a termination rate con-
stant k,,, and finally the chain transfer to monomer has a
rate constant k,,, and produces dead polymer of length n
and growing polymer of length 1.

Defining the total radical polymer and total dead polymer
by R=%5_,, R, and P=XY_ P, respectively, and applying
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the moments of MWD, the homogeneous kinetic equations
follow from Eqs. 24-29:

Se(®)=—kyby — k. ¢y, (30)

Se (D) =2k, — k; b by, (31)

So(8) = kiby by — 2k, b7, (32)

So,($) =~ kibybr —k,brby — Kipmbrdy, (33)
S3 (D) = Kypm by S5 + 2K, 2, 34

S, (D) =k;bady + (Kpppy + k) br 15 (35)

and
SA2(¢) = ki¢A ¢M +(ktrm + kp)¢M¢R +2kp ¢M M1 (36)
where

_ kibadpy + (kppp + k) bpr b
# ktrm¢M +2kt ¢R

37N

Note that these expressions are coupled to the energy bal-
ance through the rate constants as discussed below.

The number- and weight-averaged degree of polymeriza-
tion are calculated using the following relations:

P, =—
DP, '’ (38

)‘2

ppP, =2,
= (39)

The polydispersity ratio Z,, is calculated from its definition:

, DP,
" pp,’

40

The kinetic equations can be further simplified by invoking
the quasi-steady-state approximation (QSSA) and long-chain
hypothesis that eliminate Eqs. 31 and 32, and relating the
free-radical to reactant concentrations:

2kt
q = k_i ¢M— 41)
and
k 12
or = ( f”) . (42)

These assumptions have been validated for the plug-flow
model as discussed below.

Two sets of reaction rate constants have been investigated.
The first set is taken from Goto et al. (1981):
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—1876x10* 2.5P
kd(T, Patm) =6.639x 10V exp _ atm ’
T 82.06T
43)
—3.42x104
kAT,P,,)=2.04% 1028 exp(—_T_), (44)
-5.29%10°> 19.7P
k,(T,P,,)=1564x10° + am
PT> Fam) oxp ( T 82.06T |’
45
—1.833%x10° 13.0P,
kt(T,P,) =8.333X10%exp - atm ,
T 82.06T
(46)
-7.08%x10° 4.4P
Kupm(T, Pyyy) = 4.861X10% exp o am )
T 82.06T
47

where P, is the operating pressure in units of atmospheric
pressure. In this study, a value of 2,150 atm is employed (Smit,
1992). The second set was derived by Lee and Marano (1979):

-3.572x10° 23.72P,
k (T,P, )=5.887x10% + atm
AT Fam) oxp ( T 82.06T )
(48)
AT Py = 10755 106 ~15x102 14.49P,
»~al =1 + >
15> Fam xp T 82.06T
(49)
and
(TP ) 5823 10? —5.561><103+20.65Patm
trm s Lagm 7= S exp T 82.06T |
(50)

It should be noted that both sets of rate constants have the
same expression for k, (Eq. 43) based on di-tert-butyl perox-
ide, which is effective over a wide range of desirable potymer-
ization temperatures. The initiator consumption rate con-
stant k, appears exclusively in the study of Goto et al. (1981).
Without k,, the kinetic scheme will produce excessively high
polymer propagation due to the high value of k,/k, (Zabisky
et al., 1992).

Since all rate constants are functions of temperature, an
enthalpy balance must be employed. Assuming that the ma-
jor heat release is from the propagation step (Kiparissides et
al., 1993), one obtains

(63))

AH
Sr(¢)= p_C; k, bmPr;

where p is the density of the reaction mixture, AH the en-

thalpy change for monomer propagation, and C, the heat
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capacity. Since our current implementation of the LCPDF
code is unable to predict the influence of the chemical reac-
tions on the flow field, it is necessary to assume constant
physical properties for the reaction mixture in the reaction
zone. The values used by Smit (1992) are employed: p = 444
kg/rn3, AH =94,893 J/mol, Cp = 2,510 J/kg-K. However, in
reality, both p and viscosity increase with monomer conver-
sion, but since the monomer conversion is relatively low for
the simulations in this study, the effects are limited. The de-
tails are discussed in the fourth section.

As noted in the Introduction, more detailed kinetic schemes
(e.g., Goto et al,, 1981; Kiparissides et al., 1993) include ter-
mination by combination, chain transfer to solvent, chain
transfer to polymer, backbiting, and B-scission. The kinetic
scheme adopted here is a compromise between numerical
tractability and usefulness for capturing mixing effects on ini-
tiator efficiency. The simplified kinetics are able to capture
the effects of turbulent mixing on the yield since all the ki-
netic steps that change the monomer conversion have been
included. The omitted kinetic steps only affect interpolymer
distributions (e.g., A, and A,). Note also that the QSSA can
affect the monomer conversion significantly if Goto’s kinetic
rate constants are employed. This effect is examined in detail
below.

Validation of QSSA and comparison of kinetic rate
constants

Generally speaking, the accuracy of the QSSA depends on
the temperature. When the temperature is low, the relatively
high &, and low k, assure a rapid consumption of free-radi-
cals, and therefore R can be correctly approximated by QSSA.
Here, validation of the QSSA is performed by employing the
full kinetics (Egs. 30-51) with R given by Eq. 32 (full kinet-
ics) and Eq. 42 (QSSA) for an adiabatic plug-flow reactor. A
comparison of the rate constants by Goto et al. (1992) and
Lee and Marano (1979) has also been conducted. It should
be noted that k, is essential for the kinetics of Goto et al.
Without this extra term, Goto’s rate constants will predict
unphysically high values of monomer conversion due to its
high values of k,/k, (Zabisky et al., 1992).

Shown in Figures 1 and 2 are the predictions of the evolu-
tions of initiator, monomer conversion, temperature, and
polydispersity with and without the QSSA using Lee and
Marano’s rate constants at T = 227°C and 327°C, which cov-
ers the temperature range of the simulations in this study. In
the figures, initiator and monomer have initial concentrations
of 1.4 mole/m® and 15,856 mole/m°, respectively (the initial
initiator concentration is equal to the highest feed concentra-
tion used in the full PDF simulations). The results are virtu-
ally identical with and without the QSSA except for the poly-
dispersity, which only has an error less than 2% in both cases.
Other initial concentrations of initiator produce similar re-
sults (not shown).

Interestingly, the rate constants of Goto et al. (1981) pro-
duce completely different behavior. As shown in Figures 3
and 4, the QSSA produces an error of more than 100% for
monomer conversion at initial temperatures of 227°C and
277°C. Similar errors persist even at a temperature as low as
150°C. The error comes from the fact that Goto’s kinetics
require the extra initiator deactivation rate constant k, to
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Figure 1. Axial profiles of initiator concentration,
monomer conversion, temperature and poly-
dispersity in an adiabatic plug-flow reactor
with mean velocity equal to 1.0 m/s using rate
constants of Lee and Marano (1979) with ini-
tial initiator and monomer concentrations
equal to 1.4 and 15,856 mol/m3, respectively,
and initial temperature of 227°C.

correctly predict the polymer propagation rate. The QSSA,
which invokes R =(k,¢;/k,)?, is no longer appropriate.
However, no definitive conclusion about which rate constants
are the “best” can be drawn from these comparisons since
both sets provide satisfactory results in the original articles.
Therefore, Lee and Marano’s rate constants are adopted in
this work because of their consistency with other tubular re-
actor studies (Zabisky et al., 1992) and with the QSSA.

Chemical lookup table

Although the chemical reaction terms are treated exactly
in the PDF formulation, a direct evaluation of these terms is
still prohibitively expensive for complex kinetic schemes. A
typical simulation in this study involved approximately 100,000
particles in the computational domain; therefore, a direct in-
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Figure 2. Same as in Figure 1, but with initial tempera-
ture of 327°C.

AIChE Journal



w’E‘ 20 — Full Kinetics E DEOE Full Kinetics
- QuSA @ - QSSA

PR @ § oasf 4
g g
E < 0,10
L P
5 T b e
% 05 £ o.osf
= s
0.0 . = 0.00 Lz

0 2 4 (53 8 10 a 2 4 6 a8 10

Length (m) Length (m)

@
=3
=]

o

— Full Kinetics
.. QSSA

-— Full Kinetics
... QSSA

S

]

Polydispersity
oW

Temperature (°C)

0 2 4 8 8 10
Length (m)

=}

2 4 6 8 10
Length (m)

Figure 3. Axial profiles of initiator concentration,
monomer conversion, temperature and poly-
dispersity in adiabatic plug-flow reactor with
mean velocity equal to 1.0 m/s using rate con-
stants of Goto et al. (1981) with initial initiator
-and monomer concentrations equal to 1.4 and
15,856 mol/m?®, respectively, and initial tem-
perature of 227°C.

tegration of the chemical reaction terms in Eq. 23 would re-
quire solving a stiff system of ODEs (Egs. 30-51) approxi-
mately 100,000 times at each time step, which is impractical
in view of the computational costs. However, because chemi-
cal species always have bounded values, it is possible to gen-
erate a chemical lookup table that stores the incremental
changes over a fixed time step for all scalars within the
bounded domain (Chen et al., 1989; Maas and Pope, 1992).
The chemical reaction terms in Eq. 23 are evaluated during
the simulation by interpolating from the chemical lookup
table. Our experience has shown that lookup tables can de-
crease computational costs by as much as 95% as compared
to direct integration.

For the chemical kinetics adopted in this study, the lookup
table consists of three independent variables, ¢;, ¢, and T,
and six dependent variables, ¢y, ¢y, Ay, Ay, Ay, and T, as
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Figure 4. Same as in Figure 3, but with an initial tem-
perature of 277°C.
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Figure 5. Change in temperature (dT) (right) and initia-
tor (dl) (left) over one time step (At=3.85%
10°* s) as a function of initiator concentration
(1) and temperature (T) with a fixed monomer
concentration of 14,000 mol/m3.

Note that in the PDF simulation, a notional particle would
step along a trajectory in T -7 phase space (I > I+ dI, T -
T + dT) at each time step, followed by a mixing step. In a
plug-flow reactor, the mixing step is absent and the notional
particle steps along a trajectory in T - phase space that can
be found directly from the plots of dT and dI.

derived from Eqs. 30-51 after invoking the QSSA. The table
thus contains 6x40° real numbers stored at a total of 40°
grid locations. As an example, Figure 5 shows the increments
of initiator (dI) and temperature (d7T) as functions of initia-
tor concentration (/) and temperature (T') with the monomer
concentration fixed at 14,000 mole/m* and for a time step of
3.85x107* s, which was determined by the numerical stabil-
ity of the flow field. The peak values along the temperature
axis are correctly captured within the resolution of the lookup
table. The incremental values for each node in the lookup
table were found by numerical integration using the ODE
solver LSODAR (Petzold and Hindmarsh, 1987). The accu-
racy of the lookup table was validated by checking the inter-
polated values against direct numerical integration of Egs.
30-51 at randomly selected coordinates in composition space.
The error was found to be within 0.1%. More details con-
cerning chemical lookup tables can be found in Maas and
Pope (1992).

LDPE Tubular Reactor Simulations

A plant-scale, tubular LDPE reactor has a long preheating
section to provide adequate heat exchange in order to in-
crease the temperature of ethylene to initiate reaction. In the
PDF simulations, the turbulent flow field starts at the end of
the preheating section and is thus assumed to be fully devel-
oped. The flow rate of ethylene is set at 11.0 kg/s (Kiparis-
sides et al., 1993). Since, in comparison, the initiator injection
rate is relatively small (typically at a ratio of 1:10,000 to eth-
ylene), the flow field is assumed to be unaffected by initiator
injection.
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Figure 6. Top and end view of the LDPE tubular reactor.

The simulation domain only includes the top half of the reactor (enclosed by the dotted line) due to symmetry. Three modes of initiator
injection have been simulated: center, ring, and uniform. For the latter, initiator is uniformly distributed over the reactor cross section.

Earlier plug-flow reactor studies have shown that the reac-
tion goes to completion over a relatively short distance in a
tubular reactor, usually within one-tenth of the total length.
This suggests that heat removal is unimportant during the
reaction process, acting principally to decrease the tempera-
ture of the reaction mixture to the quenching temperature
before the next injection point. In this work, only one reac-
tion zone is simulated. A top and side view of the simulation
domain is shown in Figure 6 with a total length of 10 m (about
one-tenth of a standard plant-scale tubular LDPE reactor).
The length was chosen so that the simulation would capture
the entire reaction zone.

As mentioned previously, the flow field is assumed to be
unaffected by changes in the fluid properties. In the LDPE
reactor, only fluid density and viscosity variations could affect
the flow field. However, since the density and viscosity of
ethylene and LDPE vary only slightly in the temperature
range between 227°C and 327°C ( < 5%, Kiparissides et al.,
1993), and the flow rate is very high, the effects of such small
variations in fluid density and viscosity should be limited.
Moreover, since the flow is fully turbulent, molecular coeffi-
cients such as viscosity and diffusivity will have minimal ef-
fect on the Reynolds-averaged flow field. Technically, it is
possible to include fluid density variations in the reactor sim-
ulations by passing the mean density field computed by the
LCPDF code back to FLUENT and iterating until statistical
convergence is achieved (Roekaerts, 1991). Variable-density
simulations will be reported in a future communication.

The empirical constants for the & — e model used in this
work (Egs. 6-8) have the following values (Launder and
Spalding, 1974):

C,=1.44, C,=1.92,

C,=009, 0,=10,

0. =13,

A (52)
and generate a good fit to experimental data (Laufer, 1954;
Hrenya et al., 1995) for fully developed turbulent pipe flow.
Figure 7 shows the predicted velocity mean and rms radial
profiles. The predicted centerline & and e values are 1.37
m%/s® and 80.8 m%/s>, respectively. The Reynolds number is
approximately 50,000 based on the mean velocity and tube
diameter. The computational domain has an orthogonal grid
of size 199X 99 with a uniform grid spacing in the radial di-
rection. Although the velocity field is assumed to be fully de-
veloped (i.e., independent of axial location), the scalar field is
evolving along the reactor, therefore, a stretched grid spacing
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is used in the axial direction with denser grids near the initia-
tor injection point. After the turbulent velocity field is ob-
tained, the mean velocity {u;), turbulent kinetic energy k,
and dissipation rate e fields are input into the LCPDF code
for evaluating the coefficients in Eqgs. 22 and 23.

Several operating parameters can be varied for the LCPDF
simulation, including the inlet monomer temperature, the in-
let initiator concentration, and the monomer flow rate. In a
plant-scale reactor, these variables are usually used as con-

trol parameters. A typical LDPE tubular reactor has a very
long preheating section to increase the ethylene to a prede-
termined feed temperature. The choice of the latter not only
depends strongly on the type of initiator employed, but also
has a significant effect on the final quality of polymer. The
reaction is carefully controlled by the rate of initiator injec-
tion to avoid runaway reactions. In a tubular LDPE reactor,
the flow rate (Reynolds number) is the primary factor in de-
termining the mixing rate. In this study, the effect of mixing
rate is investigated by varying C, in Eq. 23. As a result, there
are four operating parameters in the simulations: inlet
monomer temperature, micromixing rate, initiator concentra-
tion (or injection rate), and initiator injection mode. The last
two parameters require further explanation.

In most plant-scale reactors, in order to maximize the ini-
tiator efficiency, the injection nozzle is specially designed for
a high mixing rate. The nozzle geometry is usually very com-
plicated and involves small jets at length scales that are much
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Figure 7. Mean ({(u,)) and rms (u’) radial profiles of ax-
ial velocity.
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smaller than the integral scale of turbulent pipe flow. A de-
tailed CFD simulation of the injection nozzle is thus imprac-
tical (if not impossible). Therefore, since near the nozzle the
local micromixing rate is very high (595! < 1/, <2,2008” D,
the inlet temperature is relatively low (i.e., the reaction rate
is low: k,;=9.06 s~! at 277°C), and the initiator flow rate is
small compared to the mean flow rate (ratio = 0.0002 to
0.0006), it is reasonable to assume that the initiator and
monomer are locally well mixed in the computational cell
containing the injector. For the simulations, this implies that
fixing the flow rate of the initiator and varying its concentra-
tion is equivalent to fixing the initiator concentration and
varying its flow rate. With this assumption, the initial concen-
tration of initiator in the injection cell is determined by the
cell size and initiator flow rate. In this study, the inlet initia-
tor concentration and temperature before injection are set at
250 mol/m® and 77°C, respectively.

The final parameter is the initiator injection mode and
refers to the manner with which the initiator is introduced at
the inlet (see Figure 6). For example, it is possible to intro-
duce initiator only at the centerline of the reactor, or to in-
ject it uniformly across the reactor cross section. In terms of
the simulation, this parameter translates into the number and
distribution of injection cells. Since we have assumed the flow
field to be 2- and 3-D effects such as off-center injection can-
not be simulated with the current code. Nevertheless, as seen
in the sixth section, the qualitative effects of the initiator in-
jection mode can be investigated and are shown to have a
significant influence on reactor performance. Since the initia-
tor flow rate is very small compared to the monomer, the
premixed temperature is assumed to be the same as the ini-
tial monomer temperature and the initiator concentration has
values of 2.73 mol/m?, 0.257 mol/m?, and 0.05 mol/m? re-
spectively, for center-, ring- and uniform-mode injection with
an initiator-to-monomer flow rate ratio of 0.0002.

These four operating parameters completely determine the
initiator efficiency in the PDF simulations. Since they are
strongly coupled, the effect of varying one parameter de-
pends on the values of the other three parameters. A thor-
ough study should thus cover the 4-dimensional parametric
space. Unfortunately, although possible, this is computation-
ally expensive and is unnecessary in order to gain a qualita-
tive understanding of turbulent mixing effects in the reactor.
The simulation results that are most essential for understand-
ing the behavior and improving the design and control of
tubular LDPE reactors are presented in the next section.

Results and Discussion

It is well known that the polymerization is highly sensitive
to temperature fluctuations, or so-cailed hot spots (Smit,
1992). Poor local mixing can result in several undesirable ef-
fects: (1) the initiator burns out without transforming
monomer into polymer; (2) the high temperature causes the
decomposition of monomer, producing pure carbon and shut-
ting down the reactor; (3) local hot spots can create transient
instability, which is undesirable for reactor startup, process
control, and product quality. According to our earlier studies
(Tsai and Fox, 1994; Pipino and Fox, 1994; Fox, 1995), the
value of the turbulent mixing parameter C, is of fundamen-
tal importance for accurate simulations. Assuming a fully de-
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veloped velocity spectrum, a set of equations can be formu-
lated for the evolution of scalar micromixing time scale (Fox,
1995; Tsai and Fox, 1996), thereby fixing the value of Ce
without recourse to empirical parameters. The application of
this detailed model requires an accurate estimation of the
initial length scales of the initiator and the local length scales
of velocity field. This information is not available for the in-
jector region of the LDPE reactor. Thus, in this study, a sim-
ple estimation of the turbulence integral scale is made based
on the reactor diameter. The standard expression for the mi-
cromixing rate (1/7,) for fully developed turbulent pipe flow
has the form C¢\/2_k /d (Tsai and Fox, 1994), where d is the
tube diameter, and C is near unity for inert scalars (Béguier
et al,, 1978). For the present reactor this yields 1/7, = C, X
43.6 57! (centerline value).

Effect of micromixing

Figure 8 presents axial profiles of the radially averaged
fields for initiator, temperature, monomer conversion, and
polydispersity for Cy, = 2.0, 1.5, and 1.0 with the initiator in-
jected at the centerline (Figure 6) and an inlet monomer tem-
perature of 252°C. Since C, determines the relative rate of
micromixing, higher C, yields higher monomer conversion, a
higher final reactor temperature, and lower polydispersity.
These conclusions are in agreement with experimental stud-
ies of the effect of mixing in LDPE reactors (van der Molen
and van Heerden, 1972). Figure 8a shows how initiator is
consumed along the reactor. At lower micromixing rates,
more initiator is consumed right after the injection point. This
phenomenon not only reduces the monomer conversion rate,
but can also trigger local hot spots that may cause a thermal
runaway reaction leading to monomer decomposition. Figure
9 presents hot-spot distributions computed from the temper-
ature pdf for C,=1.0 and 1.5. Each black dot in the figures
indicates the location of the highest particle temperature oc-
curring at each time step for the last 1,000 time steps during
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Figure 8. Radially averaged quantities vs. reactor length
at different values of C, with center-mode in-
jection, an inlet monomer temperature (7,,e;)
of 252°C, and an initiator-to-monomer flow rate
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mol /m3 (C, = 1.5), and 1,840 mol/m> (C4 = 1.0).

Length (m)

Vol. 42, No. 10 2935



Hot Spot Distribution

. T =372.2°C ( 1.07,0.0033)
£ o.015 Torin=357.3°C ( 1.04,0.0091) -
[} 4
3
o - J
= : ]
Y 0.010F :
o] r 4
Q -
© L
’_(6 b
g 0.005F .
o]

o + 4
0.000 S . . , ]
0 2 4 6 8 10
Axial Coordinate (m)
Hot Spot Distribution

- Toex=314.1°C ( 6.76,0.0041) 1
E o015 Toin=312.8°C (10.00,0.0189) -
[\ L 1
-

E I
° 0.010f
5 |
e} b
1] L
'a‘ b
3 o.oo5k
«

o L

0.000[ . , . L

0 2 4 6
Axial Coordinate (m)
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other parameters same as in Figure 8.

Each point marks the location where the hot spot occurred
at each time step for the last 1,000 time steps of the simula-
tion. The highest (T,,,,) and lowest (T;;.) of these hot spots
and their coordinates are given in the figure.

the simulation. In effect, this temperature represents a sam-
ple from the upper tail of the temperature pdf and could not
be computed using traditional moment closures for the tem-
perature field. In the figures, T, and T, are estimates of
the upper and lower bounds of hot-spot temperature. These
estimates are followed by the x and y coordinates of the
actual locations of the extremal values in the tubular reactor.

As shown in Figure 9, C, =1.0 produces hot spots in the
range of 357.3°C to 372.2°C compared to the mean final reac-
tion temperature of only 307°C. Increasing C, to 1.5, the
temperature range for hot spots is reduced to between
312.8°C and 314.1°C, which are approximately the same as
the final mean temperature 313.7°C. Similar behavior is found
with C, =2.0. It is also clear that the hot spots are strongly
correlated with the high polydispersity values shown in Fig-
ure 8d. The highest polydispersity approximately coincides
with the location of local hot spots. This information should
be very useful in evaluating and improving reactor design.
Since the standard value of C, is near unity, these simula-
tions indicate the potential for reactor instability with
center-mode injection. Increasing the flow rate (Reynolds
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number) would be one means of increasing the mixing rate.
However, as discussed below, changing the injection mode
may be equally as effective and entail lower operating costs.

Effect of initiator flow rate

The results for different initiator flow rates are shown in
Figure 10. From Figure 10a it can be easily concluded that,
since more initiator burns out instead of reacting with
monomer before the reaction reaches steady state, the initia-
tor efficiency decreases dramatically as the initiator flow rate
increases. This is primarily due to the fact that increasing the
initiator flow rate increases the reaction rate without chang-
ing the mixing rate. When the initiator flow rate relative to
the monomer flow rate (F;) is tripled from 0.0002 to 0.0006,
the monomer conversion only increases from 4% to 5%. In
fact, the simulations indicate that 5% is the highest value
that can be achieved with these initial conditions (i.e., feed
temperature, mixing rate, and injection mode). This suggests
that in order to achieve higher monomer conversion, other
parameters must be changed (such as lowering feed tempera-
ture, increasing mixing rate, or use uniform injection mode).
Since initiator is a major cost item for LDPE production, such
information should be very useful. However, increasing the
initiator flow rate does improve the monomer conversion and
shorten the length of the reaction zone as shown in Figure
10b and 10c. Furthermore, more initiator injection also leads
to higher polydispersity as shown in Figure 10d, which should
be considered carefully for polymer quality control. Although
no hot spot was observed in these simulations, it should be
noted that a higher initiator flow rate also increases the pos-
sibility of hot-spot formation. For example, the hot-spot dis-
tribution with F; = 0.0004 shown in the top panel of Figure 9
disappeared when F,; was reduced to 0.0002.

Effect of inlet monomer temperature

It is well known that lowering the inlet temperature can
increase monomer conversion and polymer quality dramati-
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Figure 10. Radially averaged quantities vs. reactor
length at different F, with center-mode injec-
tion, C,=2.0, and T, ;.= 252°C.

The final values of A, are 2,472 mol /m3 (F, = 0.0002), 1,940
mol /m® (F; = 0.0004), and 1,598 mol /m* (F, = 0.0006).
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Figure 11. Radially averaged quantities vs. reactor
length with different 7,,,,, with C,=2.0, cen-
ter-mode injection, and F, =0.0004.

The final values of A, are 1,940 mol /m> (T;,.. = 252°C),
1,736 mol /m> (T, = 262°C), and 1,354 mol /m> (T}, =
277°C).

cally, but it also increases the reaction time and can extin-
guish the reaction completely. Figure 11 illustrates the effect
of inlet temperature (7},.,) on polymerization with center-
mode injection, F; = 0.0004, and C, = 2.0. While the initiator
is consumed gradually along the reactor with the inlet tem-
perature at 252°C, it is mostly consumed at the beginning
when the inlet temperature is 277°C. The higher initiator
consumption results in a large decrease in monomer conver-
sion as shown in Figure 11b. The effect on polydispersity is
also dramatic as seen in Figure 11d. At the end of the simula-
tion domain, the polydispersity for the highest inlet tempera-
ture is almost 50% higher than the value for the lowest inlet
temperature. Since at higher temperatures the reaction rate
for initiator decomposition (k,) increases dramatically, the
local micromixing rate is not sufficient to ensure that the
monomer and initiator are well mixed.

Interestingly, the inlet temperature has little effect on the
final mean reaction temperature. However, its effect on
monomer conversion is much higher than that of micromixing
or the initiator flow rate. Indeed, when the inlet temperature
is decreased from 277°C to 252°C, the increase in the final
mean reaction temperature is almost negligible, while the
monomer conversion is almost doubled. The presence of hot
spots near the reactor inlet at higher monomer feed tempera-
tures (e.g., with Ty, = 277°C, T, and T, are 389°C and
381°C and located at (x,y)=(0.36, 0.0012) m and (0.37,
0.0064) m, respectively), which are not found at lower inlet
temperatures, leads to a lower initiator efficiency due to local
burnout, and hence lower monomer conversion. As noted
earlier, the presence of hot spots leads to a large increase in
polydispersity, as is clearly seen in Figure 11d.

Effect of initiator injection mode

There is a great incentive due to the high cost of initiator
to increase initiator efficiency. As can be seen from the simu-
lation results presented thus far, this can be accomplished by
avoiding hot-spot formation in the reactor. One way to do
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this is to increase the monomer flow rate in order to increase
the Reynolds number and hence to increase the mixing rate
(i.e., as Figure 8). However, increasing the flow rate will lead
to increased capital and operating costs since a larger com-
pressor would be required. Thus, there is significant eco-
nomic incentive to find alternative solutions for avoiding ini-
tiator burnout. One simple design modification would be to
improve the initiator injection nozzle. Since PDF methods
are capable of full-field simulations, the effect of different
initiator injection modes on hot-spot formation can be easily
investigated. For our 2-D simulation domain, three injection
modes have been investigated (see Figure 6): center-, ring-,
and uniform-mode injection.

Simulations have been carried out to compare center-,
ring-, and uniform-mode injection with C, = 2.0, F, = 0.0004,
and T, =277°C. As shown in Figure 12, uniform- and
ring-mode injection give almost identical results and produce
higher initiator efficiency and smoother spatial gradients than
center-mode injection. The polydispersity displays the most
significant difference, as seen in Figure 12d. It is obvious that
a more spatially uniform injection mode will result in better
initiator efficiency and polymer quality without changing
other operating parameters. Since the initiator flow rate is
relatively small compared to the mean flow rate, the impact
on the mean flow field when changing the injection mode
should be minimal.

Theoretically, the plug-flow assumption (Eq. 18) represents
the most ideal radial mixing condition available (albeit by ig-
noring axial dispersion) and should produce the highest
monomer conversion. Shown in Figure 13 is the comparison
between the plug-flow and uniform-mode injection results,
with T, = 252°C and the other conditions the same as in
Figure 12. It is not surprising to find that the PDF simulation
with uniform-mode injection results in a slightly lower
monomer conversion. Since the plug-flow assumption ne-
glects axial dispersion, the local PDF of reactive scalars, which
contains the information about local mixing conditions, has
zero variance. Therefore, the fluctuations in initiator concen-
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Figure 12. Radially averaged quantities vs. reactor
length using different initiator injection
modes with C,=2.0, T,,,=277°C, and F,=
0.0004.

The final values of A, are 1,354 mol/m® (center), 1,545
mol /m? (ring), and 1,565 mol /m> (uniform).
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Figure 13. Axial profiles of initiator, monomer conver-
sion, temperature, and polydispersity using
the plug-flow model and the uniform-mode
injection PDF simulation with C,=2.0, T,
=252°C, and F,;=0.0004.

The differences between the two curves are primarily due
to the neglect of axial dispersion in the plug-flow model.

tration and polydispersity, which are caused by local poor
mixing zones, cannot be predicted by plug-flow simulations.
In general, it can be concluded that the plug-flow model is an
adequate approximation if the initiator is distributed uni-
formly, but can result in significant errors otherwise (e.g., with
center-mode injection).

In order to illustrate the effect of radial maldistribution
near the injector, the initiator mean and rms fields for cen-
ter- and ring-mode injection are shown in Figures 14 and 15
with Cy =2.0, Ty, =262°C, and F; =0.0004. The surface
plots show the magnitudes of initiator mean and rms. The
radial gradients are visible in both figures. While center-mode
injection produces very high radial gradients around the in-
jection cell, ring-mode injection results in a faster radial
spread of the initiator and also produces less fluctuations.
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Figure 14. Initiator mean and rms fields with center-
mode injection, C,=2.0, F,=0.0004, and
Tinier = 262°C.

The top and bottom surface plots are the initiator mean
and rms fields, respectively.
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Figure 15. Same as in Figure 14, but with ring-mode in-
jection.

Note the 16-fold difference in scale for the mean fields
between this figure and Figure 14.

The competition between radial mixing and rapid initiator
decomposition is won by the latter with center-mode injec-
tion resulting in a rapid burnout of the initiator. This fact is
also reflected in the temperature fields: ring-mode injection
not only produces a more uniform mean temperature field,
but also results in a lower rms temperature. Due to its rela-
tionship to the spread of the temperature PDF, the lower
rms temperature should decrease the possibility of forming
local hot spots. These phenomena cannot be captured by
models that ignore turbulent diffusivity (e.g., the plug-flow
model), or concentration fluctuations (e.g., moment closures).

The hot-spot distributions reveal another important differ-
ence between injection modes: for the conditions in Figure 9,
center-mode injection produces hot spots between 381.7°C
and 389.3°C with a final mean reaction temperature of only
307°C, while the ring and uniform injection modes create vir-
tually no local hot spots. Based on these results, one can con-
clude that radial gradients in the initiator field near the injec-
tion point should be avoided. Physically, this can be achieved
by designing a “multi-point” injection nozzle that introduces
initiator in the most radially homogeneous manner possible.
Alternatively, a single nozzle with many radially (and stightly
upstream) directed jets should yield satisfactory performance.

Conclusions

A first attempt at applying full PDF methods to simulate
LDPE polymerization in a tubular reactor has been pre-
sented. Due to its ability to solve chemical-reaction terms
without invoking moment closures, realistic free-radical poly-
merization kinetics can be combined with turbulence models
to study the effects of turbulent mixing on LDPE polymeriza-
tion. Unlike traditional phenomenological models and mo-
ment closure methods, full PDF methods are able to predict
the effects of changing specific operating conditions, such as
flow rate and initiator injection mode, which should be of
great utility for the chemical process industry. Indeed, based
on the simulations presented in this work, it was possible to
make a specific design recommendation concerning the ini-
tiator injection nozzle. Given the highly competitive nature of
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the LDPE market, such seemingly small improvements in re-
actor performance can lead to an important competitive ad-
vantage and hence increased profits.

Although detailed 3-D simulations are necessary to de-
scribe more complicated reactor geometries (viz., nonaxisym-
metric), the 2-D simulations reported here are able to cap-
ture many important features of LDPE polymerization in
tubular reactors. The combined PDF/CFD approach is read-
ily applicable to more complicated geometries (viz., autoclave
reactors). Using this technique, detailed time-resolved stud-
ies of the effect of different initiator injection locations and
reactor designs on the polymerization process can be simu-
lated. Although quantitative comparisons with experimental
data are still difficult for LDPE reactors due to the difficulty
of obtaining experimental data at such extreme operating
conditions, the qualitative comparisons made in this study
prove the feasibility of this new modeling technique. Further-
more, since the detailed flow field and spatial distribution of
chemical reactants (including mean and rms fields, and ex-
tremal statistics) in a chemical reactor are obtained, this
technique can provide valuable information for reactor de-
sign and modification for many other chemical processes.

The average CPU time for each simulation reported in this
study was approximately 8 hours on a HP-APOLLO 735
workstation. Although still computationally intensive for 3-D
simulations, it must be noted that Lagrangian PDF codes are
paturally parallel. Thus, with the multiprocessor, parailel
computer architectures now widely available, PDF computa-
tions of full 3-D geometries are readily feasible. More ad-
vanced PDF simulations of full 3-D chemical reactors with
mechanical stirrers and heat exchange boundary conditions
are currently under development and will be reported in fu-
ture communications.
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